FRACTIONALIZATION METHODS AND THEIR APPLICATIONS TO RADIATION AND SCATTERING PROBLEMS

INTRODUCTION:
Exploring the possible links between the mathematical field of fractional calculus and the electromagnetic theory has been one of the topics of our research interests in recent years. We have studied the possibility of bringing the tools of fractional calculus and electromagnetic theory together, and have explored and developed the topic of fractional paradigm in electromagnetic theory (see e.g., [I-lo] ). Fractional calculus is a branch of mathematics that addresses the mathematical properties of operation of fractional differentiation and fractional integrationoperators involving derivatives and integrals to arbitrary non-integer orders (see e.g., [ 11-1 31). In our study in recent years, we have applied the tools of fractional calculus in various problems in electromagnetic fields and waves, and have obtained interesting results that highlight certain notable features and promising potential applications of these operators in electromagnetic theory [ 1-1 01.
Moreover, since fractional derivatives/integrals are effectively the result of fractionalization of differentiation and integration operators, we have investigated the notion of fractionalization of some other linear operators in electromagnetic theory. Searching for such operator fractionalization has led us to interesting solutions in radiation and scattering problems.
"FRACTIONAL SOLUTIONS" IN RADIATION AND SCATTERING PROBLEMS
Let us consider the time-harmonic Maxwell equations V x E = imB , V x H = J -iwD , V D = p , and V B = 0 where the time dependence e-'" is assumed, and the electric current density J may be considered either as a primary current source (in radiation problems) or as a secondary, induced current (in scattering problems). The continuity equation is of course satisfied as V e J = -imp . Now let us choose a linear operator L from a class of linear operators (or mappings) where the domain and range of any linear operator of this class are similar to each other and have the same dimensions. In other words, the linear operator L should map an element from the space C" into generally another element in the space C" . That is where C" is an n-dimensional vector space over the field of complex numbers. One can then suggest a "fractional" operator -L" , where the fractionalization parameter v can be a noninteger real number (or in some circumstances even complex number), using some techniques one of which is reviewed in [5] . Such a fractional operator -L " , which also maps the n-dimensional space into the n-dimensional space has the semigroup properties, i.e., (1) for v + 0 , the fractional operator -&" approaches the unit operator, L" -+ --Lo = I ; (2) for v + 1 , the operator A" -approaches the original operator -& , 
-- (3) one will then have the Maxwell equations with the current density L"J,.
What this implies is that if we know a set of solutions for an electromagnetic problem with a given current source J , , we will be able to find the set of solutions to the related problem in which the current source is expressed as &"J, -by just applying the fractional operator &" -on the solutions of the first problem. This can offer interesting mathematical applications in the treatment of certain electromagnetic problem. As some specific cases, we have considered the operators of fractional integration, fractional integration, and fractional curl to show some of the interesting features of this treatment of certain radiation and scattering problems. [ l , 4, 5 , 6, 7, 91 In the following section, we present an example of application of the fractional operator in a scattering problem.
FRACTIONAL OPERATION AND PHYSICAL OPTICS APPROXIMATION
Let us consider a flat rectangular patch with certain surface impedance boundary conditions (e.g., a perfectly electric conducting (PEC) rectangular patch). This obstacle is being illuminated by a monochromatic electromagnetic wave. The incident and the scattered fields are denoted by 
Then the above definition can be used to
We ask the following question: Can the resulting field, Escu'~~"(x,y,z), be shown to be approximately the field that would be scattered from another rectangular patch with the same size and shape but with a different surface impedance boundary condition that would be determined from the knowledge of surface impedance of the original scatterer and the fractional parameter v?
The results of our preliminary theoretical study have shown that, under certain circumstances and approximations (such as physical optics approximation), the answer to the above question is positive for the case of finite-size flat obstacles. In order to express the relationship for the impedance transformation, we first describe below the case of an infinitely extent flat plate.
Let us assume an infinitely extent flat plate with a specified isotropic uniform surface impedance boundary condition, 2 . This requires that the tangential components of the total electric and magnetic fields on the surface of this infinite plate be related as Etfo'"' = 2 Hff"fn'. (See Fig. 1) . A Cartesian coordinate system (x,y,z) is used here. For the sake of brevity of discussion here, we consider the transverse electric (TE) case for the incident electromagnetic wave illuminating this plate (i.e. the vector E'"" is polarized along the y axis). As shown in Fig. I , the angle of incidence is chosen to be 8; (with respect to the unit vector normal to the surface) and the angle of tilt of the plate (with respect to the x-axis) is taken to be 8,. Obviously the reflected plane wave can be easily written in terms of the reflection coefficient, R,, which can be explicitly given as a function of the surface impedance 2 . Since we have assumed that the surface impedance is isotropic and uniform, one can write Ep"' = Z s o H y l , where Z,, denotes the surface impedance on this flat boundary, and HT' indicates the total tangential magnetic field on the surface. Now =so =so =SO 
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we take the fractional differintegral of the total electric field E'"" = E'"" + ErCf with respect to variable k , z and with fractional order v. We have A B However, the new reflection coefficient, which relates the new incident plane wave with the new reflected plane wave is different from R,, and is given as
Following a series of mathematical steps, for the TE case we can show that the new plate, which would provide such a reflection coefficient, should have a new surface impedance, denoted as Zsv, that can be explicitly written as
M M E T " 2 0 0 0 P r o c e e d i n g s
A similar approach can be used to obtain the corresponding expression for the TM case. The above results demonstrate that when the plane wave reflected from an infinite flat plate with the surface impedance ZsO is fractionally differintegrated (with the order v) the result can be interpreted as a plane wave that would have been reflected if the infinite plate (with the same tilt angle 6 , and the same angle of incidence @; for the incoming plane wave) had had a differing surface impedance Zsv that can be explicitly given in terms of all the quantities involved.
Although the example of reflection of plane wave from an infinite flat boundary with uniform surface impedance is an idealized example and the mathematical connections via fractional calculus for the infinite flat plates is rather formal, our preliminary analysis has shown that for the finite-size flat plates the operation of fractional differintegration may be quite useful to link and relate approximately the scattered fields for two separate problems with finite-size flat plates of differing surface impedances. To demonstrate this point, let us now return to our example of flat rectangular patch, and consider the problem of electromagnetic wave scattering from a rectangular, flat, thin, perfectly electric conducting (PEC) plate when the incoming plane wave is normally incident on this patch. Using the physical optics (PO) approximation, the scattered field can be easily obtained. Then we apply the fractional differintegration operator (with order v) on the far-zone scattered electric field in the region in front of the illuminated side of the rectangular plate. We then use the impedance transformation given in Eq. (9) to find Z,,, and afterwards using the PO approximation we find the scattered fields from the rectangular plate with the same size and shape but with this new surface impedance Zsv. Our analysis has shown that the result of fractional differintegration of the scattered field from the PEC rectangular plate is approximately similar to the scattered field from the same-size rectangular plate but with the surface impedance Z.yv. Figure 2 presents the scattered field in the E-plane and H-plane using the fractional integration (in this figure we used order v=-0.5) and using PO approximation from the impedance plate. Good agreement in the magnitude and phase, particularly near the central region, can be easily observed from these plots. This example suggests that instead of recalculating the scattered field from the impedance plate, one can use the well-known PO results of the scattering from the PEC plate and just apply fractional differintegration on the scattered fields in the far zone in front of the illuminated region, which would provide us with an approximate answer to the far-zone scattering from the impedance plate. So, when we encounter the problem of wave scattering from a finite-size flat plate with a given impedance boundary condition, instead of solving such a problem directly using the PO approximation, one can use the results of PO scattering from PEC version of the same-size same-geometry flat plate, and then apply the fractional differintegration operator on these results. If the variable with respect to which this fractional differintegration is taken is selected appropriately and if the order of the
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fractional differintegration is chosen properly using Eq. (9) , then the results of such operation would be approximately similar to the results of scattering from the finite-size impedance plate. We have extended the above case to the situation where we can have two adjacent flat panels and the results support the above idea for the application of fractional operators. In this talk, we will present some of the recent results of our research on applications of fractional operators in radiation and scattering problems and discuss their salient features and physical justifications.
